This note establishes that if the main part of the definition of a slowly varying function is relaxed to the requirement that lim sup, _ x\p( Xx )/\p( x ) < ß < oo for each X > 0, then \p(x) = L(x)6(x), where L is slowly varying and 6 is bounded. This is done by obtaining a representation for the function \p.
1. Introduction. We are concerned with a function \p which is positive, finite, measurable and defined on [A, oo) for some A > 0, and such that (1) limsup ^^-<ß< oo for each X > 0, where ß (> 1) is independent of X > 0. We shall call such a function S -O varying. Notice that this definition of an S -O varying function differs from that in [4, Appendix] ; the reason for the redefinition will be made clear shortly.
Condition (1) generalizes the notion of a slowly varying function [4] , which requires that lim,._", \p(Xx)/\p(x) = 1; our development elucidates the structure of S -O varying \p in relation to the properties of slowly varying functions.
Notice that (1) implies that (2) 0<i<liminfÍfM
for each X > 0. Passing to the usual additive reformulation, put f(x) = logice*). Then (1) and (2) imply that For a slowly varying function in its additive version, K in (3) is zero. A bounded / satisfying (3), where K cannot be taken as zero, is f(x) = (-1)'*'. An example of an unbounded / of this kind can be obtained by adding the additive version of any unbounded slowly varying function; e.g., f(x) = (-l)1*1 + logx.
To place our result within the context of existing theory of regular variation and its generalizations, we return from the additive formulation to consider all measurable functions \p which for x > Ax can be represented in the form which by (6) is in absolute value < 2C. D
